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Introduction to Rao’s U-Statistic 

In the ever-expanding field of data science and statistical modeling, discriminant analysis remains 

a cornerstone for classification and pattern recognition. When working with complex, high-

dimensional datasets, researchers frequently face a critical question: Do we really need all these 

variables to classify our data accurately? Or, conversely, does adding a new set of variables 

significantly improve our ability to discriminate between groups? 

This is exactly where Rao’s U-Statistic  enters the picture. Conceived as a vital tool in multivariate 

inference, Rao’s U-Statistic provides a formal statistical test to evaluate the additional 

contribution of a subset of variables in discriminant analysis. 

In this comprehensive guide, we will explore the theoretical underpinnings of Rao’s U-Statistic, 

delve into its rich history, conduct a brief review of the literature, and provide a practical 

illustration using the legendary Fisher’s Iris dataset. Whether you are a biometrician, a financial 

analyst, or a machine learning enthusiast, understanding how to apply Rao’s U-Statistic will 

elevate your multivariate data analysis toolkit. 

 

A Brief History of Rao’s U-Statistic 

The origins of Rao’s U-Statistic trace back to the mid-20th century, a golden era for the 

development of multivariate statistical methods. The statistic is named after Calyampudi 

Radhakrishna Rao (C.R. Rao), one of the most eminent statisticians of the 20th century. 

In the 1940s and 1950s, researchers were building upon the foundational works of R.A. Fisher 

(who introduced Linear Discriminant Analysis in 1936) and P.C. Mahalanobis (who formulated the 

Mahalanobis Distance in 1936). While Fisher and Mahalanobis provided tools to classify groups 

and measure the distance between them, there was a glaring gap in the methodology: how could 

researchers rigorously test whether adding more variables to the discriminant function was 

actually beneficial? 

In 1946 and subsequently in his seminal 1952 book, Advanced Statistical Methods in Biometric 

Research, C.R. Rao formulated tests for the significance of added variables. He introduced what 

became known as the U-statistic—a specific formulation of the likelihood ratio test that explicitly 

measures the increase in the Mahalanobis distance when new variables are introduced. By 



converting this increase into an exact F-statistic, Rao allowed researchers to mathematically 

justify variable selection in multivariate inference. His contributions essentially bridged the gap 

between discriminant analysis and stepwise variable selection methodologies. 

 

Review of Literature: Applications and Evolution 

Since its inception, Rao’s U-Statistic has permeated a wide array of scientific disciplines. A review 

of the literature highlights its versatility and enduring relevance. 

1. Biometrics and Evolutionary Biology 

Initially, Rao’s methods were heavily applied in biometrics. In morphometrics—the study of shape 

and size in biology—researchers used Rao’s U-Statistic to determine which physical traits were 

most crucial for distinguishing between sub-species. For instance, if a researcher already 

measured skull length and width, Rao’s U-Statistic could rigorously test if adding jaw 

measurements provided any new evolutionary insights. It became the gold standard for 

morphological feature selection. 

2. Medical Diagnostics and Epidemiology 

In the 1970s and 1980s, the statistic found a home in medical diagnostics. When diagnosing 

diseases based on a battery of blood tests, performing every single test is expensive and time-

consuming. Literature from this era frequently features Rao’s U-Statistic as a mechanism to prune 

diagnostic tests. Researchers could evaluate if a novel, expensive biomarker added any significant 

discriminatory power over standard, cheap biomarkers. If the U-statistic was not significant, the 

new test could be safely discarded from the diagnostic protocol. 

3. Machine Learning and Finance 

In the modern era, Rao’s U-Statistic has been integrated into algorithmic frameworks, particularly 

in stepwise discriminant analysis algorithms used in credit scoring and fraud detection. Financial 

institutions use it to select the most predictive financial ratios for distinguishing between 

bankrupt and solvent companies. In machine learning, while algorithms like Random Forests or 

LASSO regression offer modern feature selection, Rao's U-Statistic remains a highly respected 

parametric alternative that offers interpretable, mathematically sound hypothesis testing for 

variable importance. 

 

 

 



The Mathematics of Rao’s U-Statistic 

To truly appreciate Rao’s U-Statistic, one must understand the mathematics driving it. The statistic 

is intimately connected to the Mahalanobis Distance, denoted as D2, which measures the 

distance between the mean vectors of two groups, scaled by their pooled covariance matrix. 

Rao’s U-Statistic applies when we want to determine whether a second set of variables adds 

meaningful discriminatory power beyond an initial set. Suppose we are discriminating between 

two groups using a total of p variables. These variables can be divided into two sets: 

• Basic variables: p1 variables already included in the discriminant model. 

• Additional variables: p2 variables whose added contribution we want to test. 

• Total variables: p = p1 + p2. 

Using these two sets, define the Mahalanobis distances as follows: 

• Dp1
2: the Mahalanobis distance computed using only the p1 basic variables. 

• Dp
2: the Mahalanobis distance computed using all p variables. 

Null hypothesis. Rao’s U-Statistic tests whether the additional p2 variables make no meaningful 

contribution to discrimination between the two groups. In other words, it asks whether the 

increase from Dp1
2 to Dp

2 is large enough to be statistically significant. 

The statistic isolates the additional distance contributed by the new variables: 

U =  
n1 + n2 − p − 1 

 ×  
c(Dp

2 − Dp1
2) 

p2 1 + cDp1
2 

 

Here, the terms are defined as follows: 

• n1 and n2 are the sample sizes of the two groups. 

• c is a scaling constant that adjusts the statistic for sample size: 

c = [n1n2] / [(n1 + n2)(n1 + n2 − 2)] 

Interpretation. Under the null hypothesis, U follows an exact F-distribution with degrees of 

freedom p2 and n1 + n2 − p − 1. If the calculated F-statistic exceeds the critical value, we reject the 

null hypothesis and conclude that the additional variables significantly improve the discriminant 

model. 

 

 



Practical Illustration: Fisher’s Iris Data 

To ground this theory in reality, let us illustrate the application of Rao’s U-Statistic using the most 

famous dataset in multivariate statistics: Fisher’s Iris dataset. 

The dataset contains 150 samples of Iris flowers evenly distributed across three species: Iris 

setosa, Iris versicolor, and Iris virginica. For each flower, four morphological features are 

measured: 

• Sepal Length 

• Sepal Width 

• Petal Length 

• Petal Width 

The Research Question 

Suppose a botanist is trying to distinguish between Iris setosa and Iris versicolor. The botanist 

easily measures the Sepal dimensions (Sepal Length and Sepal Width), yielding p1 = 2 variables. 

However, measuring the Petal dimensions (Petal Length and Petal Width) takes more time. The 

botanist asks: Do the two petal measurements add any statistically significant discriminatory 

power over the two sepal measurements? 

This is the exact scenario Rao’s U-Statistic was built to solve. We want to test whether adding       

p2 = 2 variables, representing the petal measurements, significantly increases the Mahalanobis 

distance between the two species. 

Step 1: Calculate the distance using only sepal variables (p1 = 2) 

First, we isolate the 50 setosa and 50 versicolor samples. We compute the Mahalanobis distance 

Dp1
2 between their mean vectors using only Sepal Length and Sepal Width. Assume this 

calculation yields Dp1
2 = 18.5, indicating that sepals alone provide a reasonable level of 

discrimination. 

Step 2: Calculate the distance using all variables (p = 4) 

Next, we compute the Mahalanobis distance Dp
2 using all four variables, including both sepal and 

petal dimensions. Because petal dimensions strongly discriminate these two species, the 

Mahalanobis distance increases sharply. Let the calculations yield Dp
2 = 103.23. 

 

 



Step 3: Apply Rao’s U-Statistic 

We now substitute these values into Rao’s formula to determine whether the increase from 18.5 

to 103.23 is statistically significant. 

• n1 = 50, n2 = 50 

• p = 4, p1 = 2, p2 = 2 

• The scaling constant is calculated as shown below. 

c = [50 × 50] / [100 × 98] = [2500] / [9800] ≈ 0.255 

U =  
50 + 50 − 4 − 1 

 ×  
0.255 × (103.23 − 18.50) 

2 1 + 0.255 × 18.50 

Rao’s U-Statistic measures the increase in distance relative to the baseline distance, adjusted by 

sample size. The increase in Mahalanobis distance is: 

Dp
2 − Dp1

2 = 103.23 − 18.50 = 84.73 

Therefore, the resulting F-statistic is exceptionally large. 

Step 4: Interpret the Results 

We compare the computed F-statistic to an F-distribution with the following degrees of freedom: 

df1 = p2 = 2;   df2 = n1 + n2 − p − 1 = 50 + 50 − 4 − 1 = 95 

At the α = 0.05 significance level, the critical value is approximately F0.05; 2, 95 = 3.09. 

Because the calculated F-statistic is much greater than 3.09, the associated p-value is effectively 

0. Therefore, we reject the null hypothesis. 

Conclusion for the Botanist: The addition of Petal Length and Petal Width provides a highly 

significant contribution to the discriminant analysis. The botanist must include the petal 

measurements in their model, as relying solely on sepals leaves a tremendous amount of 

discriminatory power on the table. 

 

Advantages of Using Rao’s U-Statistic in Modern Analytics 

While machine learning algorithms often rely on computationally intensive cross-validation for 

feature selection, Rao’s U-Statistic offers several distinct advantages: 

• Exact Hypothesis Testing: It provides a strict, mathematically exact p-value for the 

contribution of variables, replacing guesswork with statistical certainty. 



• Computational Efficiency: Unlike iterative algorithms that must train models hundreds of 

times, Rao’s U-Statistic is computed via straightforward matrix algebra, making it blazingly 

fast even on large datasets. 

• Interpretability: In regulated industries such as banking or pharmaceuticals, analysts must 

explain why a variable was included in a model. Saying “Rao’s U-Statistic yielded a p-value 

of 0.001” provides an unassailable, interpretable justification. 

• Handling Multicollinearity: Because it relies on the inverse of the pooled covariance 

matrix, Rao’s statistic naturally accounts for correlations between existing variables and 

new variables, ensuring that a new variable is only deemed significant if it provides unique 

discriminatory information. 

Thus, Rao’s U-Statistic is a testament to the enduring power of classical multivariate 

statistics. By transforming the Mahalanobis distance into an interpretable hypothesis test, 

C.R. Rao provided generations of statisticians and data scientists with a rigorous method for 

variable selection in discriminant analysis. 

From its historical roots in mid-century biometrics to its modern applications in financial 

modeling and pattern recognition, Rao's formulation remains indispensable. As illustrated 

with Fisher’s Iris data, applying Rao’s U-Statistic allows researchers to confidently build 

parsimonious, highly effective classification models—ensuring that every variable included 

in a model truly pulls its weight. 

 

 


